This paper (Part II), which is the second in a series of two papers, presents new closed-form solutions for net-section-collapse (NSC) analysis of circumferentially cracked pipes for several idealized crack shapes subjected to combined bending and tension (pressure-induced) loads. They are based on further simpli®cations of generalized NSC equations developed in a parallel study. Analytical solutions were developed for cracks with constant-depth, parabolic, and elliptical shapes. For all three crack shapes, separate equations were developed when the entire crack is subjected to tension and when part of the crack is subjected to compression. For part of the crack subjected to compression, the proposed equations can handle both tight (with crack-closure) and blunt (without crack-closure) cracks. Currently, of the three crack shapes examined in this paper, previous analytical solutions exist only for the constant-depth crack. Hence, they should be useful for pipe fracture analysis involving other crack shapes, such as the elliptical and parabolic cracks. The analytical solutions were validated by numerical analysis based on the generalized NSC equations. #
Introduction
The net-section-collapse (NSC) is a simple, but useful method when the fracture response of a cracked structure is fully plastic [1, 2] . Current methods for NSC analysis of circumferentially cracked pipes are based on an assumption that there is a constant crack depth over the entire
The generalized net-section-collapse equations
Consider a pipe with a variable-depth, internal, circumferential, surface crack as shown in Fig. 1 . The pipe has mean radius, R m , inside radius, R i , wall thickness, t, and is subject to an externally applied bending moment about the x-axis and an internal pressure, p. Let 2y denote the total angle of the surface crack and a(x) represent the crack depth as a function of an angular coordinate x measured from the y-axis. The crack is assumed to be symmetrical about the bending plane ( y-axis); otherwise, it can have any arbitrary shape. Figs. 1(a) and (b) show the internal stress distribution in the pipe wall in the cracked section when the entire crack is in tension and part of the crack is in compression, respectively.
Let b and M denote the stress-inversion angle and NSC moment of the pipe. Based on static equilibrium of forces and moments, the generalized NSC equations are as follows. [6] 2.1. Case 1: entire crack in tension zone (yi pÀ b) where
where
Eqs.
(1)±(6) are applicable for combined bending and tension (pressure-induced) loads. See Rahman and Wilkowski [6] for further details. Note that for case 1 (entire crack in tension zone), the solution of b can be derived explicitly as shown in eq (2). However, for case 2 (part of crack in compression zone), no such explicit expression exists for a generic crack shape, but b can be determined by solving either Eq. (4) or (6) depending on crack-closure or non-crack-closure, respectively.
Analytical solutions for idealized cracks
For idealized cracks, consider several crack shapes illustrated by Fig. 2 . They represent: (1) constant-depth crack; (2) elliptical crack; and (3) parabolic crack, all of which are circumferentially oriented in the pipe. The analytical solutions for the NSC moments for these cracks are described in the following subsections.
Constant-depth crack
For a constant-depth crack [see Fig. 2(a) ], the crack depth function, a(x), is represented by ax a 0 Y 7 By replacing these expressions of integrals in Eqs.
(1)±(6), the generalized NSC equations degenerate to the following closed-form solutions.
3.1.1. Case 1: entire crack in tension zone (yi pÀ b)
Eqs. (12)±(17) are identical to the NSC equations originally developed by Kanninen et al. [1] .
Elliptical crack
For an elliptical crack [see Fig. 2 (b)], the crack depth function, a(x), is represented by
where a 0 is the crack depth at the crack centerline (i.e. along y-axis) in which it is also the maximum depth. Using eq (18), the following integrals can be evaluated as
and following in®nite series expansion of cos x, axcos x dx a 0 y
They can be further simpli®ed when appropriate limits are placed, yielding y 0 ax dx a 0 py 4 21
For the integral involving cos x, it can be shown that [7, 8] 
where G(u) is a gamma function de®ned as
for u > 0, and pÀb
Using these integrals, Eqs.
(1)±(6) reduce to the following NSC equations.
3.2.1. Case 1: entire crack in tension zone (yi pÀ b)
Note, Eqs. (30) and (32) contain complicated nonlinear functions of b and hence, it is dicult (if not impossible) to obtain the exact solution of b. However, these equations can be easily solved using standard numerical methods, such as the Newton±Raphson and Bisection methods [9] .
As an alternative to the numerical solution of b, Eq. (30) (32), then following least-squares curve ®t by a cubic polynomial, shown in Fig. 3 , it can be approximated by
Using this g-function [eq (34)], both Eqs. (30) and (32) simplify to a cubic equation of the form By replacing these expressions of integrals in Eqs.
(1)±(6), the generalized NSC equations degenerate to the following closed-form solutions. Note that the cubic equation represented by eq (50) is exact for parabolic cracks, whereas, eq (35), which also represents a cubic equation, is approximate for elliptical cracks. Eq. (50) can be solved for (pÀ b)/y and hence, b in closed-form following the same procedure described in the appendix.
A numerical example
Consider a pipe with mean radius, R m = 254 mm (10 inches) and wall thickness, t = 25.4 mm (1 inch). The pipe is subjected to a combined bending moment and constant internal pressure, p = 15.51 MPa (2250 psi). The material¯ow stress is assumed to be 300 MPa (43,514 psi). For each of the three crack shapes considered in this paper, extensive NSC analyses were conducted for various combinations of crack size parameters of this pipe. Only pressureinduced axial tension was considered in the analyses.
Two distinct methods were used to perform all NSC analyses. First, the generalized equations, originally presented in the ®rst paper [6] and brie¯y described here in this second paper [see Eqs.
(1)±(6)], were used to predict the NSC moment. Discrete values of a vs x were prescribed for each crack shape and the resultant crack shape integrals were evaluated by numerical quadratures, i.e. ax dxI
where x i is the ith discrete value of angular coordinate x, a(x i ) is the crack depth at x = x i , and Dx is a small interval size compared with the crack angle y. The value of Dx was chosen to be suciently small to ensure convergence of the values of these numerical integrals. In addition, b was calculated by the Bisection method [9] when applicable. This method will be denoted as the numerical method in this paper. Second, the closed-form analytical solutions developed in this paper were also used to predict the NSC moments for all three crack shapes. These equations are exact for constantdepth and parabolic cracks. For the elliptical crack, the cubic approximation proposed in eq (35) was used to solve for b. No numerical integrations were needed or performed. Hence, this method will be denoted as the analytical method in this paper. Fig. 4 shows the plots of normalized NSC moment, M/M 0 of constant-depth cracks as a function of normalized crack angle, y/p, for values of normalized maximum crack depth, a 0 /t = 0.1, 0.3, 0.5, 0.7, and 1. The calculations were made with and without crack-closure and the corresponding plots are shown in Figs. 4(a) and (b) , respectively. The normalizing moment, M 0 , is de®ned as the NSC moment of the uncracked pipe, i.e. when y = 0. Setting y = 0 in Eqs. (1) and (2), M 0 was calculated to be 1.836 MN-m (16,251 kip-inch) for this pipe. In  Figs. 4(a) and (b) , the continuous lines and solid points represent the analytical and numerical predictions, respectively. The results of both methods match extremely well. Both methods predict that the moment-carrying capacity of the pipe will decrease with increases in either crack angle or crack depth as expected. The analyses without crack-closure produced slightly reduced moments when the cracks are long [see Fig. 4(b) ]. This trend is consistent with the experimental observation [6] .
Figs. 5(a) and (b) show similar plots of M/M 0 vs y/p for elliptical cracks with and without crack-closure, respectively. As before, the analytical method makes excellent predictions of NSC moments when compared with the numerical results. The analytical predictions for long cracks (i.e. when ye pÀ b) based on the proposed cubic approximation [see eq (35)] are very good. For any given value of a 0 /t and y/p, the NSC moments for the elliptical cracks are higher than those for the constant-depth cracks. The eect of crack-closure is small, because the cracked area below the plastic neutral axis (N.A.) in an elliptical crack is small and does not contribute much to the moment-carrying capacity of pipes.
Finally, Figs. 6(a) and (b) show the plots of M/M 0 vs y/p for parabolic cracks with and without crack-closure, respectively. Once again, the agreement between the analytical and numerical results is excellent. The NSC moments of pipes with parabolic cracks are much higher than those with either constant-depth or elliptical cracks. This is because of the much smaller cracked area of a parabolic crack when compared with the areas of the two other crack shapes. For the same reason, the crack-closure did not signi®cantly aect the NSC moments.
Conclusions
Closed-form analytical solutions were developed for NSC analysis of circumferentiallycracked pipes with constant-depth, parabolic, and elliptical crack shapes. For all three crack shapes, separate equations were developed when the entire crack is subjected to tension and when part of the crack is subjected to compression. For part of the crack subjected to compression, the proposed equations can account for both tight (with crack-closure) and blunt (without crack-closure) cracks. The NSC equations are exact for constant-depth and parabolic cracks. For the elliptical crack, the NSC equations are approximate, because of the cubic polynomial approximation needed to calculate the stress-inversion angle. The results from a numerical example suggest that:
1. The analytical predictions of NSC moment compare extremely well with the numerical solutions. 2. The NSC moments for the constant-depth crack are lower than those for either elliptical or parabolic cracks. This is simply because of the larger cracked area of a constant-depth crack when compared with the area of an elliptical or a parabolic crack. 3. In general, when the crack-closure is not included, the NSC moment of a pipe containing long cracks can be reduced. However, this reduction is very small for elliptical and parabolic cracks. This is because the cracked area below the plastic neutral axis in an elliptical or a parabolic crack is small and does not contribute much to the momentcarrying capacity of pipes.
Currently, of the three crack shapes examined in this paper, previous analytical solutions exist only for the constant-depth crack. Hence, the proposed equations should be useful for pipe fracture analysis involving other crack shapes, such as the elliptical and parabolic cracks.
